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Gravitational wave standard sirens have been considered as precision distance indicators to high
redshift; however, at high redshift standard sirens or standard candles such as supernovae suffer
from lensing noise. We investigate lensing noise as a signal instead and show how measurements of
the maximum demagnification (minimum convergence) probe cosmology in a highly complementary
manner to the distance itself. Revisiting the original form for minimum convergence we quantify the
bias arising from the commonly used approximation. Furthermore, after presenting a new lensing
probability function we discuss how the width of the lensed standard siren amplitude distribution
also probes growth of structure. Thus standard sirens and candles can serve as triple probes of dark
energy, measuring both the cosmic expansion history and growth history.
I. INTRODUCTION
Observations of distant standardized sources carry in-
formation not only on the global cosmology but the signal
propagation through the intervening universe. In partic-
ular, gravity affects the propagation on all scales, from
the global curvature of spacetime to the local inhomo-
geneities of the mass distribution. In this sense, detecting
the acceleration of the cosmic expansion through measur-
ing distances from the luminosity, size, or amplitude of
a source is as much gravitational lensing as is the image
distortion pattern around massive structures.
While the global spacetime properties determine the
distances in a manner fixed by the cosmology, inhomo-
geneities spread the derived distances about the “truth”
or smooth universe value according to a lensing prob-
ability distribution function depending on the energy-
momentum distribution and the convergence and shear
it induces in the image. An interesting feature of this
probability distribution is the presence of a minimum
convergence or maximum demagnification corresponding
to an “empty beam” [1]. This cutoff carries cosmological
information.
Thus the mean distance measured to standardized
sources such as Type Ia supernovae in luminosity or inspi-
raling supermassive black hole binaries in gravitational
wave amplitude (standard sirens [2, 3]) can probe cosmol-
ogy, but so can the lensed amplitude distribution through
the minimum convergence and the width of the distribu-
tion. Gravitational wave sources in particular may be
measured to high redshift z ≫ 1 where lensing effects are
quite evident. Standard sirens and candles thus have the
potential to be triple probes of cosmology.
In §II we derive a general expression for the mini-
mum convergence and maximum demagnification, cor-
recting an often used expression in the literature. Im-
plications for gravitational wave standard sirens and su-
pernova standard candles are examined in §III. The use
of the minimum convergence as a cosmological probe in
its own right is considered in §IV, along with its comple-
mentarity with distance measurements, and the poten-
tial for the lensed distribution width to serve as a growth
probe. In the Appendix we briefly discuss effective aver-
aging procedures in an inhomogeneous universe and why
the standard weak gravitational lensing formula remains
valid.
II. MAXIMUM DEMAGNIFICATION
For signals on null geodesics such as light rays from
supernovae or gravitational waves from inspiraling su-
permassive black hole binaries, the propagation through
the universe can be described by the geometric optics ap-
proximation when the wavelength is much smaller than
the scales of inhomogeneity. This then leads to the op-
tical scalar equations for a ray bundle [4], whose area
defines a luminosity or amplitude distance.
In a globally Friedmann universe, taking Ricci focus-
ing, or convergence, to dominate over rotation and shear
leads to the beam equation [5, 6]
r¨ + [3 + q(z)](1 + z)−1 r˙
+ (3/2)(1 + z)−2 r
∑
w
(1 + w)αw(z)Ωw(z) = 0. (1)
Here r is the angular diameter distance (related to lu-
minosity or amplitude distances through redshift fac-
tors 1 + z in a Liouville or phase space density con-
serving system), an overdot denotes differentiation with
respect to z, and q(z) is the deceleration parameter.
Each energy-momentum component has a dimension-
less energy density Ωw(z) = 8πρw(a)/[3H
2(z)], where
H(z) is the Hubble parameter, a smoothness parameter
αw = (ρw)smooth/ρw, and an equation of state, or pres-
sure to energy density, parameter w = pw/ρw.
Note that only the global properties of the universe
enter in the first two terms, while the local, inhomoge-
neous properties treated by the smoothness parameter α
appear in the third term. We can compare two universes
with the same global dynamics but different local prop-
erties, or two signal paths within the same universe, to
find [6]
r(z0, z) = r¯(z0, z) +
∫ 1+z
1+z0
du [uH(u)/H0][Q¯(u)−Q(u)]
× r(1 + z0, u) r¯(u, 1 + z), (2)
2where Q(u) = (3/2)u−2
∑
w(1 + w)αw(u)Ωw(u). Note
that this is valid for the distance of some source at red-
shift z from an object (either lens or observer) at redshift
z0. We will be particularly interested in comparing two
signal paths in the same universe so the only difference
between the barred distance and the unbarred one comes
from different α along the lines of sight.
If we now specialize to the case where there is no con-
tribution of some component x along the entire line of
sight, i.e. αx = 0, this represents the least gravitational
focusing, or minimum convergence, possible with respect
to the component x. That is, one cannot take away more
than there is1. As shown in [6] (also cf. [7] for the matter
only case), the distance r is a monotonic function of Q.
Therefore the minimum α gives the greatest distance and
faintest source, i.e. greatest deamplification relative to a
smooth, Friedmann universe.
The convergence is directly related to this distance ra-
tio, since the distance came from considering the beam
area. Comparing a given line of sight to the dynamically
equivalent smooth universe case (see the Appendix for
further discussion), using Eq. (2) we have
κ ≡ 1−
rα
rFRW
(3)
= −
3
2
∫ 1+z
1
dy
y
Ωm(y)
H(y)
H0
(1 − α)
× rα(y)
rFRW(y, 1 + z)
rFRW(1 + z)
(4)
= −
3
2
Ωm (1− α)
∫ 1+z
1
dy
y2
H(y)/H0
× rα(y)
rFRW(y, 1 + z)
rFRW(1 + z)
, (5)
where in the second line we assume for simplicity that
only one component is not smooth (e.g. dark energy is
smooth but matter can clump) and in the last line we
assume α is constant with redshift. These simplifications
are not necessary, but for the minimum convergence α =
0, which is indeed constant (see the Appendix for the
general case).
The triplet of distances in Eqs. (4), (5) is often writ-
ten as rlrls/rs, representing the lens distance, lens-source
distance, and source distance. Note that a common prac-
tice appears to be to use FRW distances for all three
quantities, even when calculating the minimum conver-
gence κmin. As we see following [6], the proper expression
derived from the optical scalar equations actually distin-
guishes between the types of distances.
We now give another brief, nonrigorous motivation
from the ray deflection equation. (See [8] for more de-
tails.) The position of an image that is gravitationally
1 We do not consider w < −1, where Ricci focusing can actually
go negative. Also, shear acts to increase the Jacobian, i.e. am-
plification, so the convergence here is indeed the minimum.
deflected by an angle β is
~θ → ~θ −
rls
rs
~β . (6)
Here the distances are purely geometric and the ray po-
sition is integrated along the unperturbed path, so these
distances should correspond to the global spacetime, i.e.
be FRW distances. The Jacobian of the transforma-
tion (6) gives the convergence and involves
∂βi
∂θj
=
∂βi
∂xj
rl → rl
∂2φ
∂xi∂xj
, (7)
where φ is the gravitational potential of the mass per-
turbation. Because these quantities specifically have to
do with the local, inhomogeneous potential, the distance
here is not the FRW distance but rα. While this may
possibly be more an intuitive rationale, we see that both
approaches give the same result.
Although using all FRW distances is formally incor-
rect, under most circumstances the common expression
κapprox = −
3
2
Ωm
∫ 1+z
1
dy
y2
H(y)/H0
rFRWl r
FRW
ls
rFRWs
(8)
is an excellent approximation, as discussed in the Ap-
pendix. The notable exception is when calculating κmin,
that is Eq. (3), (4), or (5) with α = 0. Here one explic-
itly deviates from FRW by requiring that the ray bundle
passes through emptied space. Of course this relies on
the validity of the Dyer-Roeder approach to light propa-
gation, where the global dynamics is FRW and only Ricci
focusing is important. We will be most interested here in
the minimum convergence, and as stated, by neglecting
shear we obtain a true lower limit. Equation (3), which
follows from the optical beam equation and flux conser-
vation in this case [9], then directly leads to Eq. (5). The
next section examines the implications of the breakdown
of the common formula.
III. LENSING OF STANDARD CANDLES AND
SIRENS
Convergence can also be expressed in terms of the am-
plification µ, where the standard amplitude of the candle
or siren is taken to be unity, or the demagnification m by
µ = (1− κ)−2 (9)
m = 5 log(1− κ) . (10)
These expressions do not assume weak lensing but do
neglect Weyl shear. The minimum convergence κmin oc-
curs when all the energy density that can be emptied
from the beam, i.e. can clump elsewhere, has been so
α = 0 in Eq. (3). Figure 1 shows the values of κmin, and
the associated µmin and mmax, as a function of redshift,
within a flat LCDM cosmology with Ωm = 0.3.
3By z = 3 one has κmin = −0.37 (by definition κmin is
negative) and a minimum amplification of 53% (the stan-
dard candle/siren can appear 53% of its true amplitude)
or maximum demagnification of 0.69 mag. For a stan-
dardized candle with, say, 0.15 mag dispersion, this is
a significant alteration so lensing can have a substantial
cosmological impact. A fitting form for κmin, accurate to
better than 0.01 mag out to z = 10, is
κmin ≈
{
−0.067 z1.58 z < 3,
−0.374− 0.182(z − 3) z ≥ 3.
(11)
FIG. 1: Lensing causes appreciable effects in standard can-
dle/siren amplitudes, especially at high redshifts. Here the
true minimum convergence κmin, minimum amplitude µmin
(as a fraction of the true, standard amplitude), and maximum
demagnification mmax are plotted vs. redshift, along with the
fractional error δκmin/κmin from using the approximate rather
than true expression.
Also of importance is the error caused by using the
common approximation of Eq. (8). The difference be-
tween the correct and approximate expressions for the
convergence grows with redshift as shown by the dot-
dashed line in Fig. 1. This reaches 10% misestimation
of κmin at z = 3, which is equivalent to a shift in dis-
tance scale from misestimating the dark energy equation
of state by ∆w = 0.22. That constitutes a substantial
bias for precision probes of cosmology so the exact ex-
pression for convergence, Eq. (3), must be used for accu-
rate cosmology utilizing the minimum convergence. Fig-
ure 2 plots the error in maximum demagnification aris-
ing from using the approximate expression vs. redshift
and shows the equivalent bias that would be induced in
w. One might also worry that since κmin enters into the
universality scaling of the lensing probability distribu-
tion function, an error in κmin propagates into all lensing
distribution quantities that are derived from the univer-
sal distribution via that scaling. However a consistent
calculation of lensing distribution functions by, e.g., ray
tracing simulations will avoid this.
FIG. 2: Magnitude error from using the approximate rather
than the true minimum convergence. Such an error leads to a
bias in the derived cosmology; labels along the curve show the
equivalent offset ∆w in a constant equation of state, relative
to the true value of w = −1, caused by using the approximate
expression at redshift z.
In the next section we investigate the use of the min-
imum convergence as a source of cosmological informa-
tion, but first we emphasize that statistically lensing does
not affect the mean amplitude measured for the standard
candles or sirens. Thus, given sufficient numbers of mea-
surements their role as distance indicators remains intact
(see [10] for detailed discussion). As we now see, however,
substantial information also exists in the distribution of
lensed amplitudes, if well sampled.
IV. COSMOLOGICAL LEVERAGE
A. Observational Issues
Measurement of the minimum convergence requires
sufficient sources to map out the low amplification end
of the lensing probability function. Furthermore, what
is actually observed is the convolution of the imperfectly
standardized luminosity or strain amplitude function of
4the sources with the lensing amplification. In addition,
astrophysical effects such as dust extinction can also dim
the luminosity, making it difficult to measure precisely
the minimum convergence from the lower limit of the
lensing amplification. We briefly discuss these issues (also
see [11]) but a detailed treatment awaits future work.
To measure accurately the cutoff κmin one must ob-
serve many standard sources to find the lower limit to
their amplitudes, µmin. At high redshift the number of
measured sources available will involve the source vol-
ume density and rate and the detection threshold for in-
creasingly distant objects. Since gravitational wave am-
plitudes diminish linearly with distance, rather than go-
ing as the inverse square like supernova luminosities, one
might expect to detect standard sirens to greater dis-
tances. However, observations of their electromagnetic
counterparts necessary to measure redshifts might be-
come more difficult. Of course in seeking to measure the
most deamplified sources at a given redshift we make the
detection more challenging and must ensure Malmquist
bias does not arise. A well designed survey can amelio-
rate these concerns.
If the sources have tightly standardized amplitudes, ei-
ther luminosity in the case of a standardized candle or
metric strain in the case of a standardized siren, then for
1 − µmin much larger than the residual intrinsic disper-
sion, the value of κmin should be measurable. We see
from Fig. 1 that by z = 2 the minimum convergence cor-
responds to a demagnification of 0.41 mag, much larger
than well standardized source dispersions. Thus, κmin for
higher redshifts should lie several sigma out on the intrin-
sic source amplitude probability tail, reducing confusion
of source properties with lensing effects. (However, we
may not know the source amplitude function well so far
from its mean so it is possible that using Gaussian statis-
tics for it will give an overoptimistic assessment.) Since
the best gravitational wave sirens can be standardized on
an individual basis more precisely than individual super-
novae, this should be less of a problem for sirens, though
their statistics for mapping the lensing distribution may
be poorer. They are also unaffected by residuals to dust
extinction corrections that could confuse the interpreta-
tion of lensing deamplification.
An important point concerns whether truly empty
beams exist in a practical sense. Investigation requires
ray tracing through large N-body simulations, convolved
with details of survey strategy, and is beyond the scope
of this article. However, to develop the idealized promise
outlined by the following results, this will need to be
done. Two aspects seem hopeful: One is that the sharp
cutoff of the magnification probability on the low end,
discussed in §IVC, means that there may be relatively
little error in characterizing κmin even if one measures
where the distribution goes to, say, 10% of maximum
amplitude rather than 0%. The other is the possibility
that while truly empty beams are rare, there may be
a relation between the effective observed κobsmin and the
true κmin; if this can be calibrated through N-body sim-
ulations then one can still use the technique, albeit at
reduced accuracy2.
B. Minimum Amplification as Expansion Probe
Having noted these issues, we approximate them with
a highly simplified error model and examine the cosmo-
logical information in the minimum convergence, leaving
detailed experiment design to the future. Employing the
Fisher matrix formalism we assess how measurements of
κmin at various redshifts, through either standard sirens
or candles, propagate into cosmological parameter con-
straints. Figure 3 illustrates the sensitivity to the mat-
ter density Ωm and the dark energy parameters w0 and
wa, with the standard time dependent equation of state
w(a) = w0 + wa(1 − a), for a spatially flat, Ωm = 0.28
LCDM universe.
FIG. 3: The Fisher derivative of the logarithm of the observ-
able κmin with respect to the cosmological parameters indi-
cates the sensitivity to the parameters at different redshifts.
Similar shapes of curves over a redshift range indicate de-
generacy between parameters and relatively little additional
information, here occurring for z > 5.
The main sensitivity is to the matter density, at z = 1.5
some 4 times more than to w0 and 19 times more than
to wa. At high redshift the sensitivity declines and the
curves become similar in shape, indicating substantial
degeneracy. Thus we do not anticipate that sources at
2 I am particularly grateful to Daniel Holz for this idea
5z >∼ 5 will contribute effectively to cosmological model
estimation. Since such distant sources would be difficult
to observe accurately and in sufficiently large numbers
(and lines of sight possessing the minimum convergence,
i.e. no matter along the entire path, become increasingly
rare), it is fortunate that the sensitivity indicates no need
for such deep surveys.
Proceeding further, we investigate the cosmological
leverage of κmin as a probe in isolation. Considering mea-
surements of 10% precision, even 100 data points, every
0.1 in redshift over z = 0.1 − 10, do not put tight con-
straints on dark energy properties; the uncertainty on w0
is 0.36 and on wa is 1. However, this is due to a strong de-
generacy among the parameters and if we consider com-
bining κmin measurements with the distance measure-
ments of the standard sirens or candles themselves, the
picture is quite different.
The minimum convergences have strong complemen-
tarity with the distances and improve the distance con-
straints substantially. Figure 4 shows that as a com-
plement to supernova (SN) distances out to z = 1.7 of
the quality expected from the SNAP supernova survey,
the minimum convergence has essentially the impact of
the Planck cosmic microwave background measurements.
Here we considered 10% measurements of κmin every 0.5
in redshift over z = 1−5. Note that this may be a reason-
able redshift range as for lower redshifts lensing effects
are weaker and harder to separate from the standard am-
plitude dispersion, while for higher redshifts the sources
may be harder to detect in sufficient numbers to measure
robustly the minimum amplification cutoff.
In terms of the parameter uncertainties, adding the
κmin measurements tightens constraints on wa by a fac-
tor 1.5 and decreases the contour area by a factor 2.7.
An advantage of using κmin is that there is no need to
extrapolate the behavior of the dark energy to z > 1000,
as there is for using the CMB constraint. If one does add
CMB data as well, then the wa uncertainty decreases by
a further 7% and the area shrinks by a further 29%.
Using the distances measured from the gravitational
wave (GW) sirens themselves, rather than from super-
novae, does not give as strong constraints if we assume
that their accuracy is limited to 1% over the same redshift
range as we use κmin – remember that lensing degrades
the precision of these high redshift distance determina-
tions. Use of GW distances and κmin gives contours out-
side the range shown in Fig. 4 (though lower redshift GW
distances would tighten the constraints). Adding GW
distances to the previous set of SN distances and κmin
improves w0 estimation by 15%, wa by 7% and the area
shrinks by 20%, as shown in Fig. 4. Thus, SN distances
(or low redshift GW distances) are important comple-
ments.
FIG. 4: Minimum amplification has good complementarity
with distance probes for determining the dark energy equation
of state, shown here as the 1σ joint confidence contours in w0,
wa. It is closely equivalent in its constraint leverage to CMB
data, but without extrapolating to the early universe.
C. Lensing Dispersion as Growth Probe
Note that both the standard siren/candle distances
and the minimum amplification of the lensing probabil-
ity function measured through the siren/candle ampli-
tude distribution are geometric probes of the cosmic ex-
pansion history. However, the lensing itself arises from
mass inhomogeneities and so contains information on the
growth history of structure in the universe. This last use
has been discussed by, e.g., [12, 13, 14] as a means of
measuring the current strength of mass fluctuations, σ8.
Basically, the width of the lensing induced dispersion is
a weighted function of the mass power spectrum.
Here we briefly outline how measurements of the lens-
ing dispersion as a function of redshift probe the linear
density growth factor, g(z) = (1 + z) [δρm/ρm](z). The
mass power spectrum is proportional to the linear growth
factor squared and the transfer function. A standard ap-
proximation, which will need to be improved for future
precision cosmology, is that the transfer function is in-
sensitive to deviations from the LCDM model; thus the
lensing dispersion may allow determination of the lin-
ear growth (with no galaxy bias entering). If successful,
this means that by measuring distances through standard
sirens/candles, one actually has three probes of cosmol-
ogy: 1) the mean amplitude gives a geometric measure
of the distance, 2) the minimum amplification gives a
complementary geometric measure consisting of distance
6ratios, and 3) the dispersion encodes the growth history
through the linear growth factor.
Defining the width or dispersion of the lensing prob-
ability distribution function (pdf) is nontrivial. In an
effort to develop understanding of lensing pdf’s suitable
for the high redshifts and precisions needed for next gen-
eration surveys, [15] has investigated the hyperLandau
(HL) form
P (µ) =
2−s
σ2Γ(s)
e−
1
2
[µ−µ⋆
σ1
+e
−
µ−µ⋆
σ2 ] (12)
with some success. This is a three (or fewer) parameter
form, with σ1, σ2, µ⋆, where Γ(s) is the gamma function
and s = σ2/(2σ1). The variance is proportional to σ
2
2
and when s is independent of redshift then the width of
the distribution as a function of redshift scales as σ2(z).
This can be calibrated against ray tracing simulations
and may allow the growth factor g(z), to which it should
be proportional, to be extracted, though further work is
required to verify this3.
If this does allow measurement of g(z), then GW stan-
dard sirens or SN standard candles provide a triple probe
of dark energy, including both the expansion and the
growth histories. Figure 5 shows that 10% measurements
of the growth factor g(z) over the same redshift range as
κmin does not add much knowledge in w0, wa – but re-
call that one of the points of combining expansion probes
with growth probes is to provide a crosscheck and a win-
dow on gravity beyond Einstein, e.g. through the gravi-
tational growth index γ [17], not just w0, wa.
In order to see significant improvements in the w0-wa
plane, one requires 2% accuracy in the g(z) measure-
ments from the width of the lensed amplitude distribu-
tion, which may be challenging. If achievable, this de-
livers 12% improvement in determining w0, 27% in wa,
and a factor 1.51 in the contour area. From Fig. 5 we see
that we also require 2% accuracy in measuring g(z) to
roughly substitute for supernovae distances, i.e. to have
a purely gravitational wave standard siren constraint,
though this also requires either precision low redshift dis-
tance or Hubble constant measurements.
V. CONCLUSIONS
Standardized siren or candle measurements of the
mean distance-redshift relation provide precise cosmolog-
ical parameter estimation, but their full information is
even richer. The distribution in the binary black hole
3 Note that one may actually use the linearly scaled variable u =
(µ−µmin)/(1−µmin) to improve the universality, i.e. cosmology
independence, of the pdf [16]. Also, the steep dropoff of the
form (12) on the deamplification side gives support to κmin being
reasonably precisely measurable.
FIG. 5: Standard siren or candle measurements also probe
the growth history through the width of the lensed ampli-
tude distribution. Accuracy approaching 2% on the linear
growth factor is required for significant additional constraints
on the dark energy equation of state, but less stringent growth
estimation may provide important crosschecks or tests of ex-
tended gravity. Here the solid curve corresponds to the long-
dashed curve of Fig. 4, without growth information.
gravitational wave strain amplitude or supernova lumi-
nosity carries with it characteristics reflecting the prop-
agation along the line of sight. In particular, this dis-
tribution has a physically precise lower boundary due to
the minimum convergence, which involves a distance ra-
tio, providing a further geometric measurement of the
cosmology.
From the full, long known definition of the minimum
convergence or maximum demagnification we show that
a common approximation induces a substantial bias as
measurements move toward higher redshifts and better
precision. We explore several observational issues with
using minimum amplification as a practical cosmological
probe, suggesting that gravitational wave standard sirens
might enable this method if sufficient numbers of sirens
can be detected with precise redshifts.
Along with a new probability distribution function for
lensing amplification, we discuss how the width of the dis-
tribution might be used as a measure of the mass power
spectrum or linear growth factor. From a Fisher analysis
it appears that the method would need to be developed
to allow 2% accuracy on the lensing dispersion for a sig-
nificant gain in cosmological constraints, but weaker pre-
cision could still provide useful crosschecks or consistency
tests of gravity.
Substantial work needs to be done to realize the
7promises of the lensing distribution information for pre-
cision cosmology. In particular, large ray tracing simu-
lations are needed to verify and accurately calibrate the
minimum detectable convergence and distribution width.
While challenging, nevertheless it is exciting that dis-
tance measurements of gravitational wave standard sirens
and possibly supernova standardized candles can act as a
triple probe of cosmology and dark energy: 1) the mean
amplitude (unaffected by lensing) gives a geometric mea-
sure of the distance, 2) the minimum amplification gives a
complementary geometric measure consisting of distance
ratios, and 3) the dispersion encodes the growth history
through the linear growth factor. If this potential can
be realized, distance-redshift measurements of sirens or
candles can provide probes of both the cosmic expansion
and growth histories.
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APPENDIX A: AVERAGING INHOMOGENEITY
One might wonder whether the commonly used ap-
proximation Eq. (8) is sufficiently accurate for use along
arbitrary lines of sight, in comparison to the expression
for arbitrary convergence κ, Eq. (3). This is an impor-
tant point since κ plays a central role in all gravitational
lensing calculations. The answer, fortunately, is that ex-
cept for the special situation when one considers the par-
ticular lines of sight emptied of matter – i.e. the mini-
mum convergence treated in the main text – use of the
FRW distances is an excellent approximation and stan-
dard lensing formulas hold4.
Formally, one might write Eq. (4) as
κ =
3
2
Ωm
∫ 1+z
1
dy
y2
H(y)/H0
δ(y) rα(y)
rFRW(y, 1 + z)
rFRW(1 + z)
,
(A1)
nearly the usual gravitational lensing form, except that
instead of rFRW(y) we have rα evaluated for α = 〈1 +
δ(y′ < y)〉, where δ = δρm/ρm. That is, r(y) depends on
the energy-momentum density within the beam at every
redshift between source and observer, giving rise to a
weighted smoothness parameter.
This is basically a question of line of sight depth av-
eraging over inhomogeneities to recover a FRW universe
and is treated in detail in [18] (along with other types
of averaging and their possibly different results). Sum-
marizing, light propagating along a random line of sight
will experience both underdense and overdense regions.
For a typical inhomogeneity coherence scale l, there will
be L/l regions over a path length L and the deviations
from FRW behavior diminish with depth. This is made
more precise in [18] where it is shown that the Q terms in
Eq. (2) correspond to ∇2φ, where φ is the gravitational
potential. Then for φ ∼ O(ǫ2), the correction to dis-
tances, r〈α〉 − rFRW, is ∼ ǫ
2/(l/L), which must be much
less than one for a globally FRW universe (see [19]).
The exception to this is when considering special lines
of sight such that δ is constrained, e.g. δ = −1 for the
minimum convergence. However, lensing generically in-
volves the natural fluctuations of density along the line
of sight and thus can robustly use FRW distances.
4 In the weak lensing case specifically this holds nearly trivially as
then κ≪ 1 and so α ≈ 1 (cf. Eq. 4), so rα ≈ rFRW.
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